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HOLOMOPHIC FAMILY OF STRONGLY PSEUDOCONVEX
DOMAINS IN A KA¨HLER MANIFOLD
YOUNG-JUN CHOI AND SUNGMIN YOO
Abstract. Let p : X → Y be a surjective holomorphic mapping between Ka¨hler
manifolds. Let D be a bounded smooth domain in X such that every generic fiber
Dy := D ∩ p
−1(y) for y ∈ Y is a strongly pseudoconvex domain in Xy := p
−1(y),
which admits the complete Ka¨hler-Einstein metric. This family of Ka¨hler-Einstein
metrics induces a smooth (1, 1)-form ρ on D. In this paper, we prove that ρ is
positive-definite onD ifD is strongly pseudoconvex. We also discuss the extensioin
of ρ as a positive current across singular fibers.
1. Introduction
Let p : X → Y be a surjective holomorphic map, where X and Y are complex
manifolds and let D be a bounded smooth domain in X . We denote by W ⊂ Y
the set of all singular values of p|D and p|∂D in S := p(D). If every generic fiber
Dy := D∩p
−1(y) with y ∈ S ′ := S \W is a bounded strongly pseudoconvex domain
in Xy := p
−1(y) and p is proper on D, then we call p : D → S a holomorphic family
of bounded strongly pseudoconvex domains in X (with degenerations).
If there exists a Ka¨hler form ωX onX and satisfies that the Ricci curvature Ric(ωy)
of ωy := ωX |Xy is negatively curved for every y ∈ S
′, then Cheng and Yau’s theorem
implies that there exists a unique complete Ka¨hler metric ωKEy on Dy satisfying
Ric(ωKEy ) = −(n + 1)ω
KE
y ,
where n is the dimension of Dy (cf. [3, 7]). This metric ω
KE
y is called the Ka¨hler-
Einstein metric with Ricci curvature −(n+1). Since the map p is proper on D, this
family of Ka¨hler-Einstein metrics induces a smooth hermitian metric hD′/S′ on the
relative canonical line bundle KD′/S′ , where D
′ := D \ p−1(W ). The corresponding
curvature is defined by
ΘhD′/S′ := i∂∂ log((ω
KE
y )
n
∧ p∗(dVs)),
where dVs is the Euclidean volume form in any local holomorphic coordinates of
y ∈ S (for detail, see Section 3.3). The Ka¨hler-Einstein condition implies that
ΘhD′/S′ |Dy = i∂∂ log(ω
KE
y )
n = −Ric(ωKEy ) = (n + 1)ω
KE
y ,
for all y ∈ S ′. Hence ΘhD′/S′ is a d-closed real (1, 1)-form on D
′ which is the Ka¨hler-
Einstein metric on each fiberDy. This is called a variation of Ka¨hler-Einstein metric
or a fiberwise Ka¨hler-Einstein metric, which will be denoted by ρ in Section 3.3.
The first theorem is about the positivity of ρ in the total space D′.
Theorem 1.1. Let p : D → S be a holomorphic family of strongly pseudoconvex
domains in X. Under the above assumption, if the total space D is strongly pseu-
doconvex, then ρ is positive-definite on D′.
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Since ρ is a d-closed positive smooth (1, 1)-form on D′, it is natural to consider
the extension of ρ across the singular fibers p−1(W ). The next theorem gives the
answer.
Theorem 1.2. Suppose that W is contained in an analytic subset of S. If D admits
a complete Ka¨hler metric ω˜D such that the scalar curvature of ω˜y := ω˜D|Dy for y ∈ S
′
is uniformly bounded from below, then ρ extends to D as a positive current.
Variations of Ka¨hler-Einstein metrics have been studied by many authors (see for
instance, [14, 13, 11, 4, 5, 2], et al.). In 2012, Schumacher proved that the variation
of Ka¨hler-Einstein metrics for a family of canonically polarized compact Ka¨hler
manifolds is positive ([13]). Later, Pa˘un generalized this result to twisted case and
extended the variation across the singularities using the Ohsawa-Takegoshi Theorem
([11]). In case of complete manifolds case, the first author proved the positivity of
the variation for a family of pseudoconvex domains in the complex Euclidean space,
when p is the coordinate projection.
In this paper, we consider a family of pseudoconvex domains in not only the
complex Euclidean space but also general Ka¨hler manifolds, when p is an arbitrary
surjective map. As previous results, our variation of Ka¨hler-Einstein metrics satisfies
Schumacher’s PDE. Then a careful estimate of the boundary behavior of the geodesic
curvature (which is a invariant encoding the positivity of a variation) completes the
proof of Theorem 1.1. This is obtained by combining results and techniques in [4, 5]
and [7].
For the extension of the variation ρ across D \ D′, we will follow the lines in
[11]. The main difference is a lack of uniform boundedness of fiber volumes. In the
previous case, since the fibers are compact and the total space is Ka¨hler, every fiber
has the same volume. But in our case, a priori fiber does not have finite volume
since the fiber is noncompact. Moreover, the local uniform boundedness is not easily
obtained. This is why the existence of the metric ω˜D is necessary in the hypothesis
of Theorem 1.2.
Acknowledgement. The authors would like to thank to G. Schumacher and M.
Pa˘un for their valuable comments and suggestions. The first author was supported
by the National Research Foundation (NRF) of Korea grant funded by the Korea
government (No. 2018R1C1B3005963). The second author was supported by the
National Research Foundation (NRF) of Korea grant funded by the Korea govern-
ment (No. 2010-0020413).
2. Preliminaries
In this section, we briefly review the results due to Cheng and Yau: the Monge-
Ampe`re equation, the construction of the Ka¨hler-Einstein metric on a strongly pseu-
doconvex domain in a Ka¨hler manifold, and its boundary behavior. For more details,
we refer to [3, 7].
2.1. Ka¨hler-Einstein metric on a strongly pseudoconvex domain. Let Ω
be a smooth bounded strongly pseudoconvex domain in a Ka¨hler manifold (M,ω)
satisfying Ric(ω) < 0. This gives us a new Ka¨hler form ω0 on M , defined by
ω0 := −
1
n + 1
Ric(ω)
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where n is the complex dimension of M . Let ψ be a defining function of Ω which
is strictly plurisubharmonic on a neighborhood of ∂Ω. Then − log(−ψ) is strictly
plurisubharmonic near ∂Ω. Computation shows that
ω0ψ := ω
0 − i∂∂¯ log(−ψ)
is a complete Ka¨hler metric on Ω. Moreover, (Ω, ω0ψ) has bounded geometry of
infinite order (see Proposition 1.3 in [3]). In this setting, the following theorem due
to Cheng and Yau gives a solution of the complex Monge-Ampe`re equation.
Theorem 2.1 (Cheng, Yau [3]). If F ∈ C∞(Ω), then there exists a solution φ of
the equation:
(2.1) (ω0ψ + i∂∂¯φ)
n = e(n+1)φ+F (ω0ψ)
n,
which is called a complex Monge-Ampe`re equation.
Applying Theorem 2.1 with F := log
[
(−ψ)−(n+1) (ω)
n
(ω0ψ)
n
]
∈ C∞(Ω), the complex
Monge-Ampe`re equation implies that
Ric(ω0ψ + i∂∂¯φ) = −(n + 1)(ω
0
ψ + i∂∂¯φ).
The uniqueness of the Ka¨hler-Einstein metric ωKE on Ω says that
ωKE = ω0ψ + i∂∂¯φ.
2.2. Boundary behavior of the solution of the Monge-Ampe`re equation.
Notice that the solution φ of (2.1) depends on F , which is determined by the choice
of a defining function ψ. To obtain a high vanishing order of φ near the boundary
of Ω, Fefferman invented a method to get a new defining function ψ˜:
Lemma 2.2 (Lemma 3.4 in [7]). There exists a new defining function ψ˜ = η · ψ of
Ω with a positive function η ∈ C∞(Ω) such that
F = O(ψn+1),
where F := log
[
(−ψ˜)−(n+1)(ω)n/(ω0
ψ˜
)n
]
.
Define the new reference metric by
ω0
ψ˜
:= ω0 − i∂∂¯ log(−ψ˜) = ω0ψ − i∂∂¯ log η.
We apply Theorem 2.1 with F in Lemma 2.2 to solve the following new Monge-
Ampe`re equation:
(2.2) (ω0
ψ˜
+ i∂∂¯φ)n = e(n+1)φ+F (ω0
ψ˜
)n
Then the solution φ of (2.2) gives the Ka¨hler-Einstein metric
ω0
ψ˜
+ i∂∂¯φ = ωKE.
In [3], Cheng and Yau obtained an asymptotic boundary behavior of the solution φ
of (2.2) as follows:
Theorem 2.3 (Theorem 6.5 in [3]). Suppose that φ is a solution of (2.2). Then∣∣Dkφ∣∣ = O(|ψ|n+1/2−k−ǫ),
where
∣∣Dkφ∣∣ is the Euclidean length of the k-th derivative of φ.
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Theorem 2.3 implies that for ǫ > 0 and 1 ≤ α, β ≤ n,∣∣φαβ¯∣∣ ≤ O(|ψ|n−3/2−ǫ),
where φαβ¯ :=
∂2
∂zα∂zβ
φ and (z1, . . . , zn) are local coordinates near a point in ∂Ω.
Therefore, we have
φαβ¯ ∈ C
∞(Ω) ∩ Cn−3/2−ǫ(Ω).
Remark 2.4. In [9], Lee and Melrose obtained the asymptotic expansion of the
solution of a complex Monge-Ampe`re equation for strongly pseudoconvex domains
in Cn. In particular, φ satisfies the following optimal estimate:∣∣φαβ¯∣∣ ≤ O(|ψ|n−1−ǫ)
for ǫ > 0. This is also valid in our situation (see Section 3.4 in [7]).
3. Variation of Ka¨hler-Einstein metrics
In this section, we shall define the variation of Ka¨hler-Einstein metrics ρ for a
holomorphic family of strongly pseudoconvex domains. We also explain why the
hypothesis of a holomorphic family of strongly pseudoconvex domain is necessary
for the regularity of ρ (cf. [4, 11, 6]).
3.1. Holomorphic family of strongly pseudoconvex domains. Let p : X → Y
be a surjective holomorphic map, where Xn+d and Y d are complex manifolds and
let D be a bounded smooth domain in X . For y ∈ S := p(D), denote Xy := p
−1(y)
and Dy := D ∩Xy. We denote by W ⊂ Y the set of all singular values of p|D and
p|∂D in S.
Definition 1. A surjective holomorphic map p : D → S is called a holomorphic
family of bounded strongly pseudoconvex domains in X (with degenerations) if it
satisfies the following:
(1) p is proper on D.
(2) Dy is a strongly pseudoconvex domain in Xy for y ∈ S
′ := S \W .
In particular, p : D′ → S ′ is called a holomorphic family of bounded strongly
pseudoconvex domains without degenerations, where D′ := D \ p−1(W ).
Remark 3.1. Condition (1) in Definition 1 implies that every generic fibers are
diffeomorphic to each other: for a fixed point y0 ∈ S
′, choose an open neighborhood
V of y0 in S
′. Then DV := D ∩ p
−1(V ) is a manifold with boundary ∂DV :=
∂D ∩ p−1(V ). The condition implies that p : DV → V is a proper submersion such
that the restriction p : ∂DV → V is also a submersion. By Ehresmann’s fibration
theorem for manifolds with boundaries (cf. Theorem 1.4 in [12]), there exists a
diffeomorphism Φ : DV → Dy0 × V . Therefore, the fibers Dy with y ∈ V are
diffeomorphic to each other.
3.2. Regularity of variations of Ka¨hler-Einstein metrics. Fix y0 ∈ S
′. Let ψ
be a defining function of Ω := Dy0 which is strictly plurisubharmonic on a neigh-
borhood of ∂Dy0 . Since D is a smooth bounded domain, Condition (2) in Definition
1 implies that there exists a smooth defining function r of D and a neighborhood
V ⊂ S ′ of y0 satisfying:
(i) ry0 := r|Dy0 = ψ,
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(ii) ry is a defining function of Dy, strictly plurisubharmonic on a neighborhood
of ∂Dy for each y ∈ V .
The last condition implies that − log(−ry) is strictly plurisubharmonic.
From now on, suppose that there exists a Ka¨hler form ωX on X satisfying
Ric(ωy) < 0
for all y ∈ S ′, where ωy := ωX |Xy . Then the metric ω
0
ry , defined by
ω0ry := ω
0
y − i∂∂¯ log(−ry),
where ω0y := −
1
n+1
Ric(ωy) is a complete Ka¨hler metric on Dy for each y ∈ S
′.
Therefore, Theorem 2.1 implies that for each fiber Dy, there exists a solution ϕy of
the Monge-Ampe`re equation:
(3.1) (ω0ry + i∂∂¯ϕy)
n = e(n+1)ϕy+Fy(ω0ry)
n,
with
Fy := log[(−ry)
−(n+1)(ω)n/(ω0ry)
n].
The Ka¨hler-Einstein metric ωKEy of Dy can be expressed by
ωKEy = ω
0
ry + i∂∂¯ϕy = ω
0
y + i∂∂¯(− log(−ry) + ϕy).
Now the following proposition shows the regularity of variation of Ka¨hler-Einstein
metrics in the base direction.
Proposition 3.2. The function ϕ, given by
ϕ(x) := ϕy(x)
where y = p(x) is smooth on D′
Proof. Recall that fibers Dy with y ∈ U are diffeomorphic to Ω (Remark 3.1).
Therefore, we can identify the function space C˜k+ǫ(Dy), which is the Banach space
with the norm given by covering of bounded geometry (see the definition in [3]),
with C˜k+ǫ(Ω) for all y ∈ U . Now the conclusion follows from the implicit function
theorem for Monge-Ampe`re operator (cf. Section 3 in [4]). 
3.3. Construction of the curvature form. Since (X,ωX) is a Ka¨hler manifold,
ωX induces a singular hermitian metric hX/Y on the relative canonical line bundle
KX/Y as follows (cf. [11, 6]):
Let x ∈ X and y := p(x) ∈ Y . Given any local coordinate system (z1, . . . , zn+d)
for x on U ⊂ X and (s1, . . . , sd) for y on the image of U under p in Y , denote the
corresponding Euclidean volume forms by
dVz := idz
1 ∧ dz1 ∧ · · · ∧ idzn+d ∧ dzn+d,
dVs := ids
1 ∧ ds1 ∧ · · · ∧ idsd ∧ dsd,
Then the singular hermitian metric hX/Y on the relative canonical line bundle KX/Y
is defined by the local weight function ΨU , given by
(3.2) e−ΨU :=
dVz
(ωX)n ∧ p∗(dVs)
.
The corresponding curvature current ΘhX/Y on KX/Y is given by
(3.3) ΘhX/Y := i∂∂¯ΨU = i∂∂¯ log((ωX)
n ∧ p∗(dVs)).
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Let Z be the set of singular values of p in Y. Denote by Y ′ := Y \ Z and X ′ :=
X \p−1(Z). Then the restriction map p : X ′ → Y ′ is a submersion so that there is no
singular point of p in X ′. Therefore, hX′/Y ′ is a smooth hermitian metric on KX′/Y ′
and the curvature ΘhX′/Y ′ is a smooth (1, 1)-form on X
′. Moreover, the equation
(3.3) implies that
ΘhX′/Y ′ |Dy = −Ric(ωy) = (n+ 1)ω
0
y .
Proposition 3.2 implies that the d-closed real (1, 1)-form ρ, given by
ρ :=
1
n+ 1
ΘhX′/Y ′ + i∂∂¯(− log(−r)) + i∂∂¯ϕ
is well-defined and smooth onD′. Then ρ is also called a variation of Ka¨hler-Einstein
metrics (or fiberwise Ka¨hler-Einstein metrics), because
ρ|Dy =
1
n+ 1
ΘhX′/Y ′ |Dy + i∂∂¯(− log(−ry) + ϕy)(3.4)
= ω0y + i∂∂¯(− log(−ry) + ϕy) = ω
KE
y .(3.5)
Remark 3.3. The variation of Ka¨hler-Einstein metrics ρ can be considered as a
curvature form on the relative canonical line bundle KD′/S′ : (3.5) implies that ρ is a
smooth form on D′, which is positive-definite along each fibers. Therefore, ρ induces
another smooth hermitian metric hD′/S′ on KD′/S′ . The Monge-Ampe`re equation
(3.1) implies that the corresponding smooth curvature form ΘhD′/S′ on D
′ can be
computed as
ΘhD′/S′ = i∂∂¯ log(ρ
n ∧ p∗dVs) = (n+ 1)ρ.
4. Positivity of the curvature form
In this section, we will prove Theorem 1.1. To obtain the positivity of ρ, we use
an asymptotic boundary behavior of the geodesic curvature c(ρ).
4.1. Proof of Theorem 1.1. Note that it is enough to prove the theorem for
base spaces of dimension one assuming S ⊂ C. Let x be a point in D′ and s be
a holomorphic coordinate, centered at y := p(x) ∈ S ′. With abuse of notation
s := s ◦ p, let (z1, . . . , zn, s) be a local coordinate system for x on U ⊂ X such that
(z1, . . . , zn) is a local coordinate system in Xy. Define a function h : U ∩D
′ → C by
h :=
1
n+ 1
ΨU − log(−r) + ϕ.
Then ρ can be written as ρ = i∂∂h, i.e.,
ρ = i(hssds ∧ ds+ hαsdz
α ∧ ds+ hsβds ∧ dz
β + hαβdz
α ∧ dzβ),
where subscripts denote the differentiation along the corresponding coordinate di-
rection. Note that ρ is positive-definite along each fiber Dy (i.e., the matrix (hαβ) is
invertible). Hence it has at least n positive eigenvalues. To show that ρ is positive-
definite, we have to show that the (n+ 1)-th eigenvalue (in the “base direction”) is
positive. In order to do this, we consider the form ρn+1 on D′. It is well-know that
ρ satisfies
(4.1) ρn+1 = c(ρ) · ρn ∧ ids ∧ ds,
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where the function c(ρ) is a globally defined on D. In terms of local coordinates,
c(ρ) can be expressed as
(4.2) c(ρ) = hss¯ − hsβ¯h
β¯αhαs¯,
where (hβ¯α) is the inverse matrix of (hαβ). The function c(ρ) is called the geodesic
curvature of ρ (for exact definition, see [13, 4]). Note that (4.1) implies that ρ is
positive definite on D′ if and only if c(ρ)|Dy > 0 for every y ∈ S
′.
To show the positivity of c(ρ) on Dy, we will use the following elliptic equation,
obtained by Schumacher in [13]. Denote by ∆ the Laplace-Beltrami operator with
respect to the Ka¨hler-Einstein metric ωKEy of Dy.
Proposition 4.1 (Schumacher [13, 4]). The geodesic curvature c(ρ) satisfies the
elliptic equation:
(4.3) −∆c(ρ) + (n+ 1)c(ρ) =
∥∥∂¯vρ∥∥2
on each fiber Dy, where vρ is the horizontal lift of v := ∂/∂s with respect to ρ.
In the next subsection, we will show that c(ρ) is bounded from below if D is
strongly pseudoconvex in X . Assuming this fact, we can apply Yau’s almost maxi-
mum principle. This implies that there exists a sequence {xk} ⊂ Dy such that
(i) inf
x∈Dy
c(ρ)(x) = lim
k→∞
c(ρ)(xk),
(ii) lim
k→∞
∇c(ρ)(xk) = 0, and lim inf
k→∞
∆c(ρ)(xk) ≥ 0.
It follows from Proposition 4.1 that
(n+ 1)c(ρ)(xk) =
∥∥∂¯vρ∥∥2 +∆c(ρ)(xk) ≥ 0.
Taking k →∞, we have c(ρ) ≥ 0. Since the Ka¨hler-Einstein metric is real-analytic,
c(ρ) and vρ are also real-analytic. Therefore, we can apply the following proposition.
Proposition 4.2 (cf. [13, 4]). Let u and f be real-analytic, non-negative, real
function on a neighborhood U ⊂ Cn of 0. Let ωU be a real-analytic Ka¨hler form on
U and C be a positive constant. Suppose
−∆ωUu+ Cu = f
holds. If u(0) = 0, then both u and f are vanish identically in a neighborhood of 0.
The above proposition with u := c(ρ) implies that c(ρ) ≡ 0 or c(ρ) > 0. Now the
conclusion of Theorem 1.1 follows from the following:
Proposition 4.3. For each fiber Dy,
(4.4) c(ρ)(x)→∞ as x→ ∂Dy ,
provided D is a strongly pseudoconvex domain.
Note that this proposition also implies that c(ρ) is bounded from below on Dy,
as we required.
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4.2. Boundary behavior of the geodesic curvature. In this subsection, we
will prove Proposition 4.3. Recall that we constructed a defining function r of D
in Section 3.2. Then Lemma 2.2 implies that for each fiber Dy with y ∈ V ⊂ S
′,
there exists a new defining function r˜y = ηy · ry such that the solution ϕy of the
Monge-Ampe`re equation (2.2) satisfies
(4.5)
∣∣(ϕy)αβ¯∣∣ ≤ O(|ry|n−3/2−ǫ),
in a local coordinate system (z1, . . . , zn, s) on U of a point x0 ∈ ∂Dy. Furthermore,
the proof tells us that the function η, defined by
η(x) := ηy(x)
where y = p(x) ∈ V is positive smooth onDV := D∩p
−1(V ). Therefore, without loss
of generality, we may assume that there exists a defining function r of D such that
the solution ϕy of the Monge-Ampe`re equation (2.2) with ry satisfies the estimate
(4.5) (here, we use abuse of notation r for the function r˜ := η · r).
Define a (1, 1)-form on DV by
τr := i∂∂gr,
where gr := − log(−r). In terms of local coordinates, we have
τr = i((gr)ssds ∧ ds+ (gr)αsdz
α ∧ ds+ (gr)sβds ∧ dz
β + (gr)αβdz
α ∧ dzβ).
Since τr is positive-definite along each fiber Dy for y ∈ V , we can consider the
geodesic curvature c(τr) of τr. Direct computation yields the following:
Proposition 4.4. For each fiber Dy,
c(τr)(x)→∞ as x→ ∂Dy ,
provided D is a strongly pseudoconvex domain.
Proof. See Remark 2 in Section 5.1 in [4]. 
Now the proof of Proposition 4.3 is complete by the following proposition. This
yields that the geodesic curvatures c(τr) and c(ρ) go to infinity near the boundary
of the same order.
Proposition 4.5.
(4.6)
c(ρ)
c(τr)
(x)→ 1 as x→ ∂Dy.
Proof. Fix a point x0 ∈ ∂Dy. Let U be a neighborhood of x0 in X
′ and (z1, . . . , zn, s)
be coordinates on U . Denote by τ 0 the smooth (1, 1)-form on X ′ which is given by
τ 0 :=
1
n+ 1
ΘhX′/Y ′ .
Define a function g0 := 1
n+1
ΨU . Then τ
0 can be written as τ 0 = i∂∂g0 on U , i.e.,
τ 0 = i((g0)ssds ∧ ds+ (g
0)αsdz
α ∧ ds+ (g0)sβds ∧ dz
β + (g0)αβdz
α ∧ dzβ).
We also define a smooth (1, 1)-form τ 0r on DV by
τ 0r := τ
0 + τr.
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Then τ 0r can be expressed as τ
0
r = i∂∂g
0
r , where g
0
r := g
0+gr is a function on U∩DV .
In terms of local coordinates, we have
τ 0r = i((g
0
r)ssds ∧ ds+ (g
0
r)αsdz
α ∧ ds+ (g0r)sβds ∧ dz
β + (g0r)αβdz
α ∧ dzβ).
Note that
h :=
1
n+ 1
ΨU − log(−r) + ϕ = g
0
r + ϕ.
Then the equation (5.3) in [4] implies that we have following expression:
hβ¯α − (g0r)
β¯α = (g0r)
β¯γNγδ¯(g
0
r)
δ¯α,
where N = (Nαβ¯) is a hermitian n×n matrix. Now we can compute c(ρ) as follows:
c(ρ) = hss¯ − hsβ¯h
β¯αhαs¯
= hss¯ − hsβ¯
(
(g0r)
β¯α + (g0r)
β¯γNγδ¯(g
0
r)
δ¯α
)
hαs¯
= (g0r)ss¯ + ϕss¯ −
(
(g0r)sβ¯ + ϕsβ¯
) (
(g0r)
β¯α + (g0r)
β¯γNγδ¯(g
0
r)
δ¯α
) (
(g0r)αs¯ + ϕαs¯
)
= c(τ 0r ) +R1 +R2,
where the remaining terms R1 and R2 are defined by
R1 : = ϕss¯ +
(
(g0r)sβ¯(g
0
r)
β¯αϕαs¯ + ϕsβ¯(g
0
r)
β¯α(g0r)αs¯ + ϕsβ¯(g
0
r)
β¯αϕαs¯
)
,
R2 : =
(
(g0r)sβ¯ + ϕsβ¯
)
(g0r)
β¯γNγδ¯(g
0
r)
δ¯α
(
(g0r)αs¯ + ϕαs¯
)
.
Again the equation (5.3) in [4] implies that
(g0r)
β¯α − (gr)
β¯α = (gr)
β¯γMγδ¯(gr)
δ¯α,
where M = (Mαβ¯) is a hermitian n× n matrix. Then, we have
c(τ 0r ) = (g
0
r)ss¯ − (g
0
r)sβ¯(g
0
r)
β¯α(g0r)αs¯
= (g0r)ss¯ − (g
0
r)sβ¯
(
(gr)
β¯α + (gr)
β¯γMγδ¯(gr)
δ¯α
)
(g0r)αs¯
= (g0)ss¯ + (gr)ss¯ −
(
(g0)sβ¯ + (gr)sβ¯
) (
(gr)
β¯α + (gr)
β¯γMγδ¯(gr)
δ¯α
) (
(g0)αs¯ + (gr)αs¯
)
= c(τr) +R3 +R4,
where the remaining terms R3 and R4 are given by
R3 := (g
0)ss¯ +
(
(gr)sβ¯(gr)
β¯α(g0)αs¯ + (g
0)sβ¯(gr)
β¯α(gr)αs¯ + (g
0)sβ¯(gr)
β¯α(g0)αs¯
)
,
R4 :=
(
(gr)sβ¯ + (g
0)sβ¯
)
(gr)
β¯γMγδ¯(gr)
δ¯α
(
(gr)αs¯ + (g
0)αs¯
)
.
Now we have
c(ρ)
c(τr)
= 1 +
R1 +R2
c(τr)
+
R3 +R4
c(τr)
.
Since g0 is smooth on U ∩DV , all derivatives are smooth and bounded in U ∩DV . It
is easy to see that (gr)
β¯α is also smooth on U ∩DV and (gr)
β¯α = O(|r|). This implies
that (gr)sβ¯(gr)
β¯α and (gr)
β¯α(gr)αs¯ are bounded (cf. Corollary 5.5 in [4]). Therefore,
the remaining term R3 is bounded. The term R4 is also bounded by the following
lemma.
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Lemma 4.6. For any α, β ∈ {1, . . . , n}, we have
Mαβ¯ ∈ C
∞(U ∩DV )
so that (g0r)
β¯α ∈ C∞(U ∩DV ). In particular, (g
0
r)
β¯α = O(|r|).
Proof. The proof is essentially same as the proof of Lemma 5.3 in [4]. 
Hence, it is enough to show that
R1 +R2
c(τr)
(x)→ 0 as x→ x0 ∈ ∂Dy.
As in the estimate of R3, Lemma 4.6 implies that (g
0
r)sβ¯(g
0
r)
β¯α and (g0r)
β¯α(g0r)αs¯ are
bounded on U ∩DV (cf. Corollary 5.5 in [4]). The proof of Proposition 3.2 implies
that ϕss is bounded. Recall that ϕ satisfies (4.5). Applying the Schauder estimates
to ϕs and ϕs, we can show that
|ϕαs| = O(|r|
−1/2−ǫ) and |ϕsβ| = O(|r|
−1/2−ǫ),
for some ǫ with 0 < ǫ < 1/2 (for detailed proof, see Section 3.3 in [5]). Then above
estimates imply that
R1
c(τr)
(x)→ 0 as x→ x0 ∈ ∂Dy.
and that R2 is bounded by the following lemma.
Lemma 4.7 (cf. Lemma 5.4 in [4]). Let Ny := (Ny
αβ¯
) be the n × n matrix with
Ny
αβ¯
:= Nαβ¯|Dy . For any α, β ∈ {1, . . . , n}, we have
Ny
αβ¯
∈ C∞(U ∩Dy) ∩ C
n−3/2−ǫ(U ∩Dy),
with ||Ny|| = O(|ry|
n−3/2−ǫ).
This completes the proof of Proposition 4.5. 
5. Extension of the curvature form
In this section, we will prove Theorem 1.2, using the argument of Pa˘un in [11].
Main tools are Demailly’s approximation theorem (Theorem 5.2) and the Ohsawa-
Takegoshi theorem (Theorem 5.3). However, there is no uniform boundedness of
the volumes of fibers since the fibers are noncompact. To resolve this difficulty, we
need another complete metric ω˜D for applying the Schwarz lemma (Theorem 5.4).
Fix an arbitrary point x0 ∈ D with y0 := p(x0) ∈ W . Take a coordinate neigh-
borhood U of x0 in D.
ΘhD′/S′ = (n + 1)ρ = ΘhX′/Y ′ + (n + 1)i∂∂¯(− log(−r)) + (n+ 1)i∂∂¯ϕ
= i∂∂¯(ΨU − (n + 1) log(−r) + (n + 1)ϕ),
where ΨU is a local weight function on U , defined in (3.2). Define a function θ :
U ∩D′ → R by
θ := (n+ 1)h = ΨU − (n+ 1) log(−r) + (n+ 1)ϕ,
which is a local potential function of ΘhD′/S′ . Since θ is strictly plurisubharmonic
by Theorem 1.1, it is enough to show that there exists a neighborhood U˜ ⊂⊂ U of
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x0 such that θ is bounded from above. More precisely, for any x ∈ U˜ ∩D
′, we want
to show that there exists a constant C independent of y := p(x) satisfying
θy := θ|Uy = ΨU |Uy − (n + 1) log(−ry) + (n+ 1)ϕy < C
on U˜y.
Remark 5.1. Yau’s C0-estimate implies that (n+1) supDy ϕy < supDy Fy. Although
Fy is bounded from above on Dy, we do not know whether there exists a constant
C, which does not depend on y satisfying Fy < C.
First, we approximate θy by the logarithm of absolute values of holomorphic
functions, using the following theorem.
Theorem 5.2 (Demailly). Let Hmy be the Hilbert space defined as follows
Hmy := {f ∈ O(Uy) : ||f ||
2
m,y :=
∫
Uy
|f |2e−mθy(ωKEy )
n <∞}
Then for every x ∈ Uy, we have
θy(x) = lim
m→∞
sup
1
m
log |f(x)|2,
where the supremum is taken over all f ∈ Hmy satisfying ||f ||
2
m,y ≤ 1.
Note that for all f ∈ Hmy satisfying ||f ||
2
m,y ≤ 1, we have∫
Uy
|f |2/me−θy(ωKEy )
n ≤
(∫
Uy
|f |2e−mθy(ωKEy )
n
)1/m( ∫
Uy
(ωKEy )
n
)m−1
m
≤
(∫
Uy
(ωKEy )
n
)m−1
m
=:
(
V olKE(Uy)
)m−1
m
.
On the other hand, the Monge-Ampe`re equation (2.1) implies that
e−θy(ωKEy )
n = e−ΨU e−(n+1)(− log(−ry)+ϕy)(ωKEy )
n =
dVz
(ωX)n ∧ p∗dVs
(ωy)
n =
dVz
p∗dVs
.
Therefore, we have∫
Uy
|f |2/m
dVz
p∗dVs
=
∫
Uy
|f |2/me−θy(ωKEy )
n ≤
(
V olKE(Uy)
)m−1
m
.
Now we apply the following L2/m version of Ohsawa-Takegoshi theorem:
Theorem 5.3 (Berndtsson, Pa˘un [1]). There exists a holomorphic function f˜ on U
and positive constant C0 independent of m and y satisfying f˜ |Uy = f on Uy and∫
U
|f˜ |2/mdVz ≤ C0
∫
Uy
|f |2/m
dVz
p∗dVs
.
Choose U˜ ⊂⊂ U so that the geodesic ball Bǫ(x) of radius ǫ satisfying Bǫ(x) ⊂ U
for all x ∈ V . Then mean value inequality implies that
|f(x)|2/m = |f˜(x)|2/m ≤ Cǫ
∫
Bǫ(x)
|f˜ |2/mdVz ≤ C
(
V olKE(Uy)
)m−1
m
.
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Recall that
θy(x) = lim
m→∞
sup
1
m
log |f(x)|2 = lim
m→∞
sup log |f(x)|2/m.
Therefore, to complete the proof of Theorem 1.2, it is enough to show that there
exists a positive constant C independent of y satisfying
V olKE(Uy) :=
∫
Uy
(ωKEy )
n < C.
Note that D admits a complete Ka¨hler metric ω˜D satisfying Scal(ω˜y) > C with
ω˜y := ω˜D|Dy . We apply the following Schwarz lemma for volume forms.
Theorem 5.4 (Mok, Yau [10]). Let (M,h) be a complete Hermitian manifold with
Scal(h) ≥ −K1, and let N be a complex manifold of the same dimension with a
volume form V such that the Ricci form is negative definite and
(
i
2
∂∂ log V )n ≥ K2V.
Suppose f :M → N is a holomorphic map and the Jacobian is nonvanishing at one
point. Then K1 > 0 and
f ∗V ≤
Kn1
nnK2
(ωh)
n,
where ωh is the associate (1, 1)-form of h.
Let M = N = Dy, f = id, ωh = ω˜y, and V := (ω
KE
y )
n. Applying the above
theorem for each fiber Dy, we have
(ωKEy )
n ≤ C(ω˜y)
n
on Dy.
Remark 5.5. Since we only need boundedness of volume forms locally, we can
replace the condition in Theorem 1.2 as follows: suppose that for each point x ∈
D\D′, there exists a neighborhood U(x) of x, biholomorphic to the unit ball. Assume
that the Poincare´ metric ω˜P on U(x) satisfies Scal(ω˜y) > C, where ω˜y := ω˜P |Uy and
Uy := U(x)∩p
−1(y). Then the above theorem implies that (ωKEy )
n ≤ C(ω˜y)
n on Uy.
Now we only need to show that ∫
Uy
(ω˜y)
n < C.
The proof is completed by the following theorem of Diederich and Pinchuk.
Theorem 5.6 (cf. Theorem 1.4 in [8]). Let p : U → V be a holomorphic surjective
map between U ⊂ Cn+d and V ⊂ Cd. Take any U˜ ⊂⊂ U with V˜ := p(U˜). Then,
there exists a uniform constant C > 0 such that for all regular value y ∈ V˜ of p,
V ol(U˜y) ≤ C,
where U˜y := U˜ ∩ p
−1(y) and V ol is the 2n-dimensional Hausdorff measure.
Remark 5.7. It is well-known that the 2n-dimensional Hausdorff measure coincides
with the (Riemannian) volume of a 2n-dimensional submanifolds with respect to the
Euclidean metric.
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